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Scattering rates for a Goldreich-Sridhar (GS) spectrum of anisotropic, incompressible, magneto-
hydrodynamic turbulence are calculated in the quasilinear approximation. Because the small-scale
fluctuations are constrained to have wave vectors nearly perpendicular to the background mag-
netic eld, scattering is too weak to provide either the mean free paths commonly used in Galactic
cosmic-ray propagation models or the mean free paths required for acceleration of cosmic rays at
quasi-parallel shocks. Where strong pitch-angle scattering occurs, it is due to fluctuations not de-
scribed by the GS spectrum, such as fluctuations generated by streaming cosmic rays.
The scattering of energetic particles by turbulent magnetic and electric elds plays an important role in the accel-
eration and propagation of cosmic rays [1{7]. The turbulent elds responsible for cosmic-ray scattering can be excited
by the cosmic rays themselves or by some mechanism that is independent of the cosmic rays. This paper focuses
upon the latter case. In previous treatments of scattering, dierent turbulence models have been used, including
fluctuations with wave vectors k k to the ambient large-scale magnetic eld B0 (slab symmetry) or ? to B0 (2D), or
power spectra that are isotropic in k-space [7{10]. On the other hand, a number of studies suggest that in magnetohy-
drodynamic (MHD) turbulence excited by large-scale stirring, small-scale fluctuations have non-zero values of kk that
are  k?, where k? and kk are the components of k ? and k to B0 [12{14]. In this paper, the quasilinear approx-
imation [11] is used to calculate general scattering rates for incompressible MHD turbulence and also shear-Alfvenic
turbulence on the non-MHD scales shorter than the collisional mean free path of thermal particles [12]. These rates
are then evaluated for the Goldreich-Sridhar power spectrum [12], which has signicant power at small scales only
for k?  kk. Quasilinear theory (QLT) breaks down for the signicant fraction of particles that are magnetically
trapped by turbulent fluctuations. QLT can be applied, however, to particles that are not trapped, and the condition
k?  kk is found to signicantly decrease the eciency of pitch-angle scattering relative to the slab-symmetric and
isotropic cases. Astrophysical applications are discussed.
It is assumed that there is an inertial-range spectrum of fluctuations extending from some large scale l to a much
smaller scale d, with the fluctuations at scales  l dominating the total magnetic energy. Only cosmic rays with
gyroradii ρ  l are considered. A scale l0 is introduced, with ρ  l0  l. The energetically dominant fluctuations on
scales > l0 are treated as a uniform eld B0. The magnetic fluctuations on scales < l0, denoted B1, are small compared
to B0 and are treated using QLT. It can be veried a posteriori that the QLT scattering rates are independent of l0
to lowest order in ρ/l. In contrast to most previous treatments, the turbulence is treated as strong, in the sense that
fluctuations decorrelate in one linear wave period.
In QLT, the turbulence causes the cosmic rays to diuse in momentum space, with the diusion coecients deter-



































where f is the cosmic-ray distribution function averaged over the small scales of the fluctuating elds, p is momentum,
θ (the pitch angle) is the angle between p and B0, and ξ = cos θ. In equation (1) it has been assumed that the length
scale characterizing variations in f is large compared to ρ, so that f can be taken to be independent of gyrophase.
At each k, B1 and the incompressible turbulent velocity U1 are decomposed into shear-Alfven and pseudo-Alfven
components by projecting along the appropriate polarization vectors [12]. These components are denoted respectively
by the superscripts s and p, so that
B1(k, t) = Bs1(k, t) + B
p
1(k, t), (2)
with an analogous equation for U1(k, t). The electric eld is given by Ohm’s Law, E1 = −(1/c)U1  B0. The
normalized power spectra of the shear-Alfven modes are given by
1
M s(k?, kk, τ) = hBs1(k, t) Bs 1 (k, t + τ)i/B20 , (3)
Cs(k?, kk, τ) = hUs1(k, t) Bs 1 (k, t + τ)i/vAB0, and (4)
Ks(k?, kk, τ) = hUs1(k, t) Us 1 (k, t + τ)i/v2A, (5)
with analogous equations for the pseudo-Alfven modes, where vA is the Alfven speed associated with B0, and h. . .i
denotes an ensemble average. It is assumed that the turbulence is homogeneous and stationary, that hB1(x, t)B1(x+
r, t+τ)i = hB1(x, t)B1(x−r, t+τ)i with analogous equations for hU1U1i and hU1B1i (no magnetic or kinetic helicity),
that hU1(x, t)B1(x + r, t + τ)i = hU1(x, t)B1(x + r, t− τ)i (which gives Dξp = Dpξ), and that the shear-Alfven and
pseudo-Alfven modes are statistically independent.




















 δ2ξ2Ks + 2δξCs + M s(δ2ξKs + δCs)(−p)
p2δ2Ks






























where δ = vA/v, z = k?ρ, ρ = v?/Ω, Ω is the cosmic-ray gyrofrequency, v? and vk are the cosmic-ray velocity
components ? and k to B0, L is the dimension of a window function that multiplies the variables before a Fourier
transform is taken, and the arguments of K, C, and M are (k, τ). Since the shear-Alfven and pseudo-Alfven modes
are statistically independent, Dξξ = Dsξξ +D
p
ξξ, etc. Equations (6) and (7) are derived using a standard method based
on the linearized Vlasov equation [11], modied to treat strongly turbulent fluctuations instead of waves satisfying
linear dispersion relations. Alternatively, they can be derived from equations (7a), (7b), and (7c) of [15], if one notes
the typographical error on the eighth line of equation (7a), namely, that QRk should instead be QkR.
A Goldreich-Sridhar spectrum of strong, anisotropic MHD turbulence [12] is now assumed, with














for (l0)−1 < k? < d−1 with d ! 0, where τk = (l/vA)(k?l)−2/3 is the Lagrangian correlation time appropriate for
strong anisotropic incompressible MHD turbulence, and
g(x) =
{
1 if jxj < 1
0 if jxj  1 . (9)
The spectrum of equation (8) is also taken to describe the fluctuations on scales between l0 and l, and the normalization





s(k?, kk, 0)B20/4 = L3B20/8pi. At small scales
in MHD turbulence, there is equipartition between magnetic and kinetic energies, so that Kp = Mp and Ks = M s.
It is assumed that Mp = M s and Cp = Cs = σM s, where the arguments of each of these spectra are (k?, kk, τ), and
where the fractional cross helicity σ 2 (−1, 1) is independent of k.








For sin θ  1/2, one nds from equations (6) and (7) and the assumed forms of the power spectra that to lowest
















































The terms on the right-hand sides of equations (11) and (12) proportional to 3/2 correspond to fluctuations satisfying
the magnetostatic gyroresonance condition kkvk = nΩ, which states that the Doppler-shifted frequency of a static
magnetic fluctuation in the reference frame of an energetic particle’s motion along B0 is an integral multiple of the
particle’s gyrofrequency. A fluctuation is seen as static when a cosmic ray passes through one wavelength of the
fluctuation in a time (kkvk)−1  τk. The gyroresonant terms in equations (11) and (12) are much smaller than in the
case of slab-symmetric or isotropic turbulence for sin θ  1/2 because equations (8) and (9) imply that k? > k3/2k l1/2,
so that fluctuations satisfying kkvk = nΩ also satisfy k?ρ > n3/2−1/2 sin θ cos−3/2 θ  1. The condition k?ρ  1
implies that a cosmic ray traverses many uncorrelated fluctuations of the required kk during a single gyro orbit.
The eects of these uncorrelated fluctuations tend to cancel. The weakening of gyroresonant scattering due to this
gyro-orbit averaging would occur for any power spectrum in which all fluctuations on scales  l satisfy k?  kk.
The terms on the right-hand sides of equations (11) and (12) proportional to (− ln )δ correspond to non-resonant
interactions. In equation (12) the non-resonant term arises from the n = 0 term in equation (7), which represents the
eects of the magnetic-mirror force of the pseudo-Alfven modes (transit-time damping). This term becomes large as
θ ! pi/2, since as vk ! vA particles can \surf" magnetic mirrors moving at speeds  vA more eectively.
For sin θ  1/2, scattering is dominated by magnetostatic gyroresonant interactions with shear-Alfven modes, and













Although Dξξ vanishes as θ ! 0, the pitch-angle scattering frequency ν = 2Dξξ/(1 − ξ2) (which unlike Dξξ is
independent of θ for isotropic scattering) approaches (pi/4)(v/l) as θ ! 0. Gyroresonant interactions are stronger for
θ < 1/2 than for θ  1/2, because when θ < 1/2 modes satisfying kkvk = nΩ also satisfy k?ρ < 1, so that a cosmic
ray doesn’t traverse many uncorrelated resonant modes during a single gyro orbit.
FIG. 1. The θ dependence of the pitch-angle scattering frequency ν = 2(Dsξξ + D
p
ξξ)/(1 − ξ2) for  = δ = 10−3. The s
indicate numerical evaluations of equations (6) and (7), the solid line gives the analytic results of equations (11) and (12), and
the dashed lines give the limiting value from equation (13) of ν as sin θ ! 0.
In gure 1, the pitch-angle scattering frequency ν from equations (11) and (12) is plotted with the solid line, and the
limiting value of ν as sin θ ! 0 from equation (13) is given by the dashed line. The s indicate numerical evaluations
of ν from equations (6) and (7) for the assumed spectra in which only those terms in the innite sum with jnj  10 are
kept and in which l0 = 0.1l (see introduction). The values  = 10−3 and δ = 10−3 have been used. The characteristic
values ν  v/l for sin θ < 1/2, ν  δ−1v/l for jpi − θj < δ, and ν  [(− ln )δ + 3/2]v/l for moderate pitch angles can
be extrapolated to all values of  and δ much less than 1 in the quasilinear approximation.
3
QLT assumes that during the time a particle is correlated with a turbulent fluctuation, the orbit of that particle is
eectively the same as in a uniform magnetic eld. However, eld-strength fluctuations 4jBj with 4jBj/jBj  α  1
magnetically trap cosmic rays with jξj < α1/2. (For incompressible turbulent fluctuations, which have phase velocities vA along the magnetic eld, and for the vast majority of cosmic rays, which have vk  vA, the trapping condition is
essentially the same as if the turbulent fluctuations were stationary.) The trajectories of such trapped particles dier
greatly from the trajectories of particles in a uniform eld, violating the QLT assumptions. The eects of magnetic
trapping are beyond the scope of this paper. (The assumptions of QLT are marginally violated for sin θ < 1/2 for the
modes that dominate the scattering; however, moderate errors in ν near jξj = 1 have only a small eect on cosmic-ray
propagation and acceleration.)
Although QLT is not valid for the moderately small jξj for which trapping is important, some conclusions about
particle scattering in astrophysical settings can still be drawn from the QLT results. When ν is suciently large,






















+ . . . , (14)
where l is distance along a eld line, and the ellipsis indicates the omission of the advection and adiabatic-acceleration










which is large if Dξξ is small in any signicant pitch-angle interval. Because QLT is expected to be accurate in, say,
the interval 0.8 < jξj < 1 in which magnetic trapping is not important, the QLT results are sucient to show that
κk is large for anisotropic MHD turbulence. More specically, to lowest order in  and δ when 3/2  (− ln )δ, QLT
gives








[Equation (16) assumes Mp = M s; if instead Mp = 0, equation (16) becomes κk = vl(−2δ ln )−1.] Equation (16)
should be accurate in order of magnitude despite magnetic trapping since the increased eciency of interactions with
pseudo-Alfven modes at small jξj makes it unlikely that the true value of Dξξ for small jξj is smaller (let alone much
smaller) than the typical value of Dξξ in, say, the interval 0.8 < jξj < 0.9. For (− ln )δ  3/2, a parameter regime
relevant for many solar energetic particles, the integral in equation (15) is dominated by small jξj for which QLT
is unreliable. For reference, the (unreliable) QLT value of κk to lowest order in  and δ when (− ln )δ  3/2 is

















For the QLT scattering rates, the integral in equation (17) is dominated by the mirror-force of the pseudo-Alfven
modes and by values of jξj that are < δ, for which QLT breaks down. This indicates that QLT can not provide
a reliable determination of Dp. For future reference, the QLT result for Dp to lowest order in  and δ is given by
Dp = (pi/24)(1 − σ2)(− ln )p2v2A/(vl). (When σ2 = 1, Dp vanishes since the small-scale fluctuations all travel in a
single direction along B0 at the speed vA, and in the reference frame that follows their motion particle energies are
conserved.)
If B0 = 5µG, l = 100 pc, and vA = 106 cm/s [parameters characteristic of the interstellar medium (ISM)], then
 = 2.2  10−9EGeV for a relativistic proton, where EGeV is the proton’s energy in GeV, and δ = 3.3  10−5.
If EGeV  106, then 3/2  (− ln )δ, and κk is given by equation (16), giving a scattering mean free path of
κk/v = 430 kpc  (20 − ln EGeV)−1. This value is so large that if the power-law spectrum of interstellar turbulence
inferred from observations [17] is described by equation (8), then some mechanism besides such turbulence must be
invoked to explain the connement of cosmic rays to the Galaxy [6]. At energies < 102− 103 GeV, such a mechanism
is provided by resonant MHD waves that cosmic rays themselves excite, but at higher energies, the instability driving
such resonant waves becomes too weak to overcome damping, and self-connement does not work [5,6]. For EGeV >
4
102 − 103, cosmic-ray connement and isotropization can be explained even if turbulent scattering is weak if one
takes into account molecular-cloud magnetic mirrors [18]. The large value of κk in the bulk of the ISM following
from equation (16) also suggests that quasi-parallel shocks are unable to accelerate cosmic rays up to the  106 GeV
energies at the \knee" of the galactic cosmic-ray energy spectrum [2,19], although this suggestion is controversial [20].
Quasi-perpendicular shocks, however, may be able to accelerate cosmic rays to the knee and beyond [21,22].
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